Abstract. We obtain an estimate of the ruin probability for the case where a company buys a risky asset (security) that is a semimartingale with absolutely continuous characteristics with respect to the Lebesgue measure. This result is applied to some long range dependence models, in particular to the fractional Brownian motion and mixed models.
Introduction
Consider the model for the risk process of an insurance company whose portfolio consists of two components. The first component R 1 is classical, namely
where x ≥ 0 is the initial capital (reserve) of the insurance company, the constant c ≥ 0 is the premium rate, X i , i ≥ 1, are independent identically distributed random variables (they model the payoff process), N t is a Poisson process, independent of X i ; the intensity of N t is λ. The second component reflects the assumption that the company may buy a security whose price is S t (a random variable that is positive with probability one) and for which there exists (in a certain sense) a stochastic differential (the precise description of R 2 is given below). The company may, of course, buy a nonrisky asset with a fixed interest rate. However, this option is nonessential for our approach; thus we assume that there is no nonrisky asset in the market. Letφ t , t ≥ 0, be the amount of money invested by the insurance company to the risky asset at the moment t. Consider the filtration
and assume thatφ t is an F t -predictable process for which there exists the stochastic integral
The definition and construction of this integral will be given below. Thus the capital of the company is equal to The corresponding capital is denoted by Y (t, x, ϕ). Our aim is to consider models for the risky asset with the long range dependence structure and obtain estimates of the corresponding ruin probabilities. Section 2 is devoted to the general semimartingale model of the risky asset whose components have absolutely continuous characteristics with respect to the Lebesgue measure. Estimates of the ruin probability and optimal strategy ϕ s , s ≥ 0, are also found. A particular case of the model is considered in [1] for the risky asset described by the geometric Brownian motion, that is,
Section 3 is devoted to semimartingale long range dependence models of the risky asset. We apply the results of Section 2 to this case. Section 4 deals with the case where the model of the risky asset is not a semimartingale. In particular, we consider the fractional Brownian motion or mixed fractional Brownian motion for some values of the Hurst parameter. Since the zero strategy is optimal in both cases, we consider the approximations of these models for which better estimates of the ruin probability are available as compared to the zero strategy ϕ s .
2. An estimate of the ruin probability and the optimal strategy in the general semimartingale model
Consider a complete probability space with a filtration
and assume that all the processes are adapted to the filtration (F t ) t≥0 . Let the risky asset S = S t , t≥ 0, in representation (1) be a semimartingale such that
where M t is a square integrable continuous martingale whose square characteristic M t is absolutely continuous with respect to the Lebesgue measure, that is,
We also assume that the variation of the process A t is integrable, namely,
Note that all the results of this section remain true if we assume that
The portfolio corresponding to an F s -predictable strategy ϕ s is of the form
Assume that
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Throughout the paper we assume that the processes M , A, and ϕ do not depend on X i , i ≥ 1, and N . Consider the positive stochastic process
The problem is to find conditions under which Z(·, x, ϕ, r) has either super-or submartingale properties. Put
for some r > 0 and some strategy {ϕ t , t ≥ 0}. Then the process {Z(t, x, ϕ, r), t ≥ 0} is an F t -supermartingale. If inequality (B), 2) becomes an equality, then the process
Proof. Assumption (B), 3) is, in fact, the Novikov condition. It implies that
Moreover, the process
is a martingale under this condition. It follows from assumption (B), 1) that
for all t > 0 in view of representation (2), assumption (B), 2), and since {X i , i ≥ 1, N} and {M, A, ϕ} are independent. Thus Z(t, x, ϕ, r) is an integrable process. Since
is independent of F t 1 and (M, A, ϕ), we have for 0 ≤ t 1 < t 2 that
according to assumptions (B), 2) and (B), 3). Remark 1. It will be seen from the further estimates for the ruin probability that one should choose the parameter r as large as possible. One of the restrictions is that r should be greater than the (unique) root of the equation λh(r) = rc, since the estimate involving this root can be obtained for ϕ s ≡ 0 (that is, if no money is invested in the risky asset).
Now we determine the strategies {ϕ s , s ≥ 0} for which conditions (B), 2) and (B), 3) hold and find the maximal possible value of the parameter r > 0.
Theorem 2. Let the functions α and β be such that
2) there exists c 1 The discriminant of the left-hand side of (3) is equal to
for s such that D(s, ω) ≥ 0 and ϕ s = 0 for other points. Note that assumption (B), 2) is satisfied for such a choice. To satisfy condition (B), 3) put
and inequality (4) implies thatr Remark 3. Putting M t = bW t and A t = at we obtain a result proved in the paper [1] :
and P{τ ϕ x < ∞} = e −rx , wherer is a unique root of the equation
Proof. Put Z(t, x, ϕ,r) = Z(t ∧ τ x , x, ϕ,r). According to Theorem 1, Z is a supermartingale with respect to the filtration (F t , t ≥ 0). Then
Remark 4. Similarly to Theorems 4 and 6 of [1] one can prove the following result. Let a random variable X 1 be such that
and let a strategy ϕ s be such that 3. An estimate of the ruin probability for semimartingale models with long range dependence 3.1. A wide class of processes of the semimartingale type with long range dependence structure can be constructed as the convolution of some smooth kernel with the Wiener process. We consider a slightly modified example of such processes introduced in the paper [2] ; namely, we consider the processes of the following form: This result can be proved by using the stochastic variant of the Fubini theorem. Equality (7) is the canonical representation of the long range dependence semimartingale R ζ t (see [2] ). Now let the dynamics of the price of the risky asset be described by the equation 
